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BLOCH’S CONJECTURE ON SURFACES OF GENERAL TYPE WITH AN
INVOLUTION
KALYAN BANERJEE
ABSTRACT. In this short noteweprove that theBloch’s conjecture holds
for a surface of general type of numerical Godeaux type or some class
of numerical Campedelli type, with geometric genus zero equipped
with an involution, when the quotient of the surface by the involution
is a rational surface.
1. INTRODUCTION
One of themost importantproblems inn algebraic geometry is to com-
pute the Chow groups for higher codimensional cycles on a smooth pro-
jective variety. The theoremdue toMumford in [M], proves that theChow
group of zero cycles is infinite dimensional provided that the geometric
genus of the surface is greater than zero, in the sense that the natural
maps from symmetric powers to the Chow group are never surjective.
The converse is a conjecture due to Bloch, that if we have a smooth pro-
jective complex surface of geometric genus zero then the Chow group
of zero cycles is isomorphic to the group of integers. This theorem has
been proved for surfaces not of general type with geometric genus zero
due to [BKL]. The case for surfaces of general type that is surfaces of Ko-
daira dimension 2 with geometric genus zero is still open. Some exam-
ples of such surfaces for which theBloch’s conjecture holds are due to [B],
[IM], [PW],[V],[VC]. This paper concerns the proof of Bloch’ conjecture
for some examples of surfaces of general type with geometric genus zero
equippedwith an involution. There is a generalizationof the Bloch’s con-
jecture which says that if we have an involution on a surface of general
type which acts as identity on the space of global two forms then such an
involution acts as identity on the group of algebraically trivial zero cycles
on the surface modulo rational equivalence (denoted as A0(S)). This is
the departing point of proving the Bloch’s conjecture on a surface of gen-
eral type with an involution. The technique due to [Voi], tells us that if
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we have such an involution on a K3 surface then the involution acts as
identity on the A0 of the K3 surface. This has also been proved for some
examples of K3 surfaces due to [GT],[HK]. So we prove that the involu-
tion acts as identity on the group A0(S), for some examples of surfaces S
of general typewith geometric genus equal to zero, such that the quotient
is rational and equipped with an involution. Since the quotient surface
S/i is rational, it has trivial A0 proving that the involution is acting as −1
on A0(S). These two informations together tell us that the group A0(S) is
trivial by the Roitman’s torsion theorem [R2].
Themain difference of our approach to theBloch’s conjecture on a sur-
face of general type with an involutionwith that of Voisin present in [Voi],
is the mild generalisation of the monodromy argument, for the rest of
the arguments we mainly follow the idea of [Voi] and [BKL]. The argu-
ment present in [Voi] involves the monodromy of a Lefschetz pencil over
the field of complex numbers, whereas we present themonodromy tech-
nique over an arbitrary uncountable algebraically closed ground field, so
that we can get rid of the analytic argument and obtain an arithmetic
variant of it. These arithmetic monodromy first appears in [Del1], in the
proof ofWeil conjectures and a very elaborated explanationof it is written
in [FK]. This mild generalizations enables us to understand the Bloch’s
conjetcure over uncountable algebraically closed fields.
So we arrive at the followingmain result in this paper:
Theorem 1.1. Let S be a numerical Godeaux surface over the field of com-
plex numbers with an involution i on it such that the quotient of S by the
involution is a rational surface with effective anticanonical divisor, such
that the branch locus either consists of a unique irreducible component of
genus 2, and the other components of the branch locus are rational, then
the Bloch’s conjecture holds for this surface S.
Also the Bloch’s conjecture holds for certain examples of numerical
Campedelli surfaces with an involution. Namely for those such that the
quotient is rational or ellipticwith all the components of the branch locus
being rational.
Acknowledgements: The author would like to thank the hospitality of IISER-
Mohali and Tata Institute Mumbai, for hosting this project. The author is in-
debted toV. Srinivas andN.Fakhruddin for constructive criticismabout theproof
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2. FINITE DIMENSIONALITY IN THE SENSE OF ROITMAN AND ÉTALE
MONODROMY
Let us recall the finite dimensionality in the sense of Roitman. Let X
be a smooth projective variety and let A0(X ) be the group of algebraically
trivial zero cycles on X modulo the rational equivalence. A subgroupP of
A0(X ) is said to be finite dimensional in the sense of Roitman, if there ex-
ists a smooth projective varietyW , and a correspondence Γ of the correct
codimension onW ×X , such that P is contained in the set Γ∗(W ). Let Z
be a correspondence supportedon S×S, S is a smooth projective surface,
then following Voisin [Voi] we have the following proposition.
Proposition 2.1. Suppose that the image of Z∗ : A0(S)→ A0(S) is finite
dimensional. Then Z∗ factors through the albanese map albS : A0(S)→
Alb(S).
Proof. The proof of this is same as in [Voi] but we present it for the sake
of completeness of the argument. The only variant present in our proof
would be the presence of étalemonodromy instead of usual monodromy
of the topological fundamental group.
Since the image of Z∗ is finite dimensional, there exists a smooth pro-
jective varietyW and a correspondence Γ onW ×S, such that image of
Z∗ is contained in Γ∗(W ). Consider a very ample line bundle L on S, and
embed S into the corresponding projective space. Let C be a smooth hy-
perplane section of S inside this projective space. We can take somemul-
tiple of L, so that the hyperplane section C is of high genus. So that the
kernel of the map from J (C ) to Alb(S) denoted by K (C ) has dimension
greater thanW . Now we prove the following lemma.
Lemma 2.2. The abelian variety K (C ) is simple for a very general C .
Proof. This also follows from generalizing the argument of [CV][corollary
1.2]. We include our proof for the convenience of the reader. Let A be a
non-trivial proper abelian subvariety of K (C ) for a very general C . Then
A is defined over k, so we can extend the scalars to k(t ), and consider
Ak(t). Attaching the co-efficients of the defining equation of Ak(t) and
K (C )k(t) we have Ak(t),K (C )k(t) defined over a finite extension L of k(t )
inside k(t ). Let us choose a Lefschetz pencil D on S, such that its geo-
metric generic fiber is C . Then let D ′ be a smooth projective curve map-
ping finitely ontoD and having the function field equal to L. Now spread
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Ak(t),K (C )k(t) over U ′ Zariski open in D ′ and let us denote the spreads
by A ,K respectively. Throwing out more points from U ′ we get that
the morphisms A ,K →U ′ are smooth and proper. Let these two mor-
phisms be f ,g . Then consider the constant sheaves corresponding to the
pre-sheaves given by Z/lnZ on A ,K respectively. Since the morphisms
f ,g are smooth and proper, we have that R i f∗Z/lnZ,R i g∗Z/lnZ are lo-
cally constant étale sheaves on U ′. Hence taking a geometric point η′
over the geometric point corresponding to C (let us denote it by η), we
have that pi1(U ′,η′) acts on the stalk of the above sheaves,
(R i f∗Z/l
n
Z)η′ , (R
i g∗Z/l
n
Z)η′
respectively. So cosidnering i = 1, we get that pi1(U ′,η′) acts on
H1ét (Aη′ ,Z/l
nZ),H1ét (K (C ),Z/l
nZ)
Now the map Aη′ to K (C ) gives rise to a surjection at the level of Tate
modules of the corresponding ableian varieties. So taking dual we have
that H1ét (Aη′ ,Zl ) is embedded into H
1
ét (K (C ),Zl ), and this map is a map
of pi1-modules because it is induced by a map of the corresponding lo-
cally conatant sheaves. Now H1ét (K (C ),Ql ) is isomorphic to the kernel of
H1ét (C ,Ql )→ H
3
ét (S,Ql ), because the isomorphism of H
1
ét of an ableian
variety with the dual of its Tate module is functorial. So now we have an
action of pi1(U ′,η′) on H1ét (Aη′ ,Ql ), which is embedded in H
1
ét (K (C ),Ql ).
Also for the image ofU ′ inD, denoted byU , we have thatpi1(U ,η) (η is the
geometric point corresponding toC ), acts irreducibly onH1ét(K (C ),Ql ) by
the Picard Lefschtez formula (More details about Picard-Lefschetz for-
mula and the irreducibility of the monodromy action can be found in
[FK][chapter III] and [Del1][Corollary 5.5]). Now it is a consequence of
the Picard Lefschetz formula and the fact that pi1(U ′,η′) gives rise to a fi-
nite index subgroup of pi1(U ,η) that H1ét (Aη′ ,Ql ) is pi1(U ,η)-equivariant.
Hence we have that H1ét (Aη′ ,Ql ) is either H
1
ét (K (C ),Ql ) or zero. Now note
that Aη′ is A, so we have that the Tate module of A is isomorphic to the
Tatemodule ofK (C ) or its Tatemodule is trivial. Therefore A is isogenous
to K (C ) or to the trivial abelian variety. Hence K (C ) is simple. 
Next let us consider the subset
R = {(k,w) ∈K (C )×W |Z∗ j∗(k)= Γ∗(w)}
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then by Mumford-Roitman argument as in [M],[R], we have that R is a
countable union of Zariski closed subsets of the product. Since image of
Z∗ is finite dimensional we have that R maps surjectively onto K (C ). So
there exists a component R0 of R which maps surjectively onto K (C ). So
we have
dim(R0)≥ dim(K (C ))> dim(W ) .
Let w be a closed point onW , then the fiber of the projection over w is
of dimension greater or equal than one. Denote the fiber by Fw , since it
is of dimension greater or equal than one, it generates the whole abelian
variety K (C ). So it follows that Z∗ vanishes on K (C ).
Next, let us consider a cycle z = z+− z− on S of degree zero. That will
correspond to a tuple (s1, · · · , s2k) on S
2k . We blow up S at these points
and obtain S ′ and a map τ : S ′ → S. Let Ei be the exceptional divisor
on S ′ corresponding to si . Let H be a very ample divisor on S such that
τ∗(H)−n
∑
i Ei is ample on S
′. Then consider a sufficiently highmultiple
of L, which is very ample, the for any curve C in the corresponding lin-
ear system we have that τ(C ) contains the points si . Now let albS(z)= 0,
that would imply that any lift of z say z ′ on C , will go to zero under the
albanese map of S ′. So then we have z ′ supported on K (C ). We can
repeat the arguments as above for the correspondence Z ′ = Z ◦ τ, it is
finite dimensional, hence Z ′∗ = 0 on K (C ), which in turn implies that
Z∗(z) = Z ′∗(z
′)= 0. So we have that Z∗ factors through the albanese map
of S. 
Now we consider the correspondence Z =∆S−Graph(i ). An we prove
that the image of Z∗ is finite dimensional.
Theorem 2.3. Let S be a numerical Godeaux surface having an involu-
tion i on it. Let S/i be a rational surface. Let the fixed locus of i contains
a unique irreducible component of genus 2. Let us consider the correspon-
dence∆S−Gr (i ) on S×S. Then the image of the push-forward induced by
this correspondence is finite dimensional.
Proof. The fixed locus of the involution on S is the union of a reducible
curve R and finitelymany isolated points such that
R = Z1∪·· ·Zn∪Γ
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where Zi ’s are −2 rational curves and Γ is smooth of genus 2. Let us blow
up the surface S at these finitely many isolated fixed points to get a sur-
face S ′. S ′ carries a natural involution on it. If we quotient by this invo-
lution we have the desingularization of the quotient surface S/i , which
is rational. Then the branch locus of the involution on S ′ is a union of R
and∪iEi , where Ei ’s are the exceptional curves of the Blow-up. Consider
the blow down of S ′ along the rational components of R and along Ei ’s.
Call this surface S ′′. There is an involution i on S ′′ such that the quotient
is the blow down of S ′/i along the rational components of the fixed locus
of the involution on S ′. Then we take a very ample line bundle L on the
surface S ′/i = Σ. Let the genus of a curve in the linear system of L be g .
We consider the exact sequence of sheaves
0→O(C )→O(Σ)→O(Σ)/O(C )→ 0
then tensoring withO(−C ) we get that
0→O(Σ)→O(−C )→O(−C )|C → 0 .
This gives rise to the exact sequence of global section of sheaves
0→C→H0(Σ,L)→H0(C ,L|C )→ 0
this sequence is exact on the right because the irregularity of Σ is zero.
Now by the ampleness of L, we have that the degree of L|C is greater than
zero, so we have by Riemann-Roch
dim(H0(C ,L|C ))= g +n−1 .
Here is n large by using the fact that the rational surfaces occur are
having anticanonical divisor effective [CCL][proposition 3.9 and remark
4.13], also see [H][introduction for examples of anticanonical rational
surfaces] and we can choose L to be of sufficiently large degree.
Hence the dimension of H0(Σ,L) is equal to g +n.
Now for anyC in the linear systemof L, we have its pre-imageon S ′, say
C˜ is a two sheeted cover ofC . It is smooth for a generalC and connected
by the Hodge index theorem. Suppose that C1,C2 be two components of
C˜ , such that C 21 > 0,C
2
2 > 0 and C1.C2 = 0, because C˜ is smooth. But then
by theHodge index theoremwe have that the intersection form restricted
toC1,C2 is semipositive, which can only happen whenC1 is proportional
toC2, hence we have thatC 21 = 0=C
2
2 , which further gives (C1+C2)
2 = 0,
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contradicting the ampleness of C˜ . So we have that C˜ is a connected dou-
ble cover ofC . But this double cover could be ramified along the intersec-
tion of C˜ with the branch locus B = R ∪∪iEi of the involution. By [CCL]
we have that the number
(2KΣ+B).L ≥ 0
for L ample. Consider the unique component Γ of R which is of genus 2.
By [CCL] proposition 4.5 and corollary 4.8 we have B −Γ = −2KΣ. So we
have
B −2Γ=−2KΣ−Γ .
To prove that
(−2KΣ−Γ).L > 0
we have to prove that
(B −2Γ).L > 0 .
But this could be achieved since the curveΓ on S is coming from a quartic
curve on P2, which is a component of the branch locus of the double over
of P2. The branch locus of the double cover of P2 we consider is a degree
10 curve having a quartic curve as a irreducible component.
So consider the map pi : S→ P2, consider pi(R),pi(Γ) on P2. By Bezout’s
theorem
(pi(B)−pi(2Γ)).L > 0
for L a very ample line bundle on P2. Let us consider the blow up of
P2 along finitely many points to achieve Σ. Let E ′
i
’s are the exceptional
curves of the blow up. This gives us that
(B −2Γ).(pi∗L−
∑
i
E ′i )=pi
∗(pi(B)−pi(2Γ)).pi∗(L)= (pi(B)−pi(Γ)).L > 0 .
Therefore choosing L to be multiple of the pull-back of a very ample line
bundle on P2, we get the required inequality.
Let us consider a general point in S′′g+n, say (s1, · · · , sg+n). Let (σ′1, · · · ,σ
′
g+n)
be the image of this point in Σ′ = S ′′/i under the quotient map. Then
there exists a unique curve C in L such that its image under the blow
down contains all the pointsσ′
i
, and its double cover contains si for all i .
Then the image of
∑
i si −
∑
i i (si ), depends on the element
albC˜ (
∑
i
si − i (si ))
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which is an element in the Prymvariety of the double coverpi′(C )→pi′(C ).
Here pi′ is the blow down map from Σ to Σ′. So the map from S ′′g+n to
A0(S ′′) factors through the PrymfibrationP(pi′C /pi′C ), where pi′C is the
universal family of curves inΣ′ parametrized by the linear system |L|, and
pi′C is its universal double cover. The genus of the double cover of pi′(C )
for a generalC is equal to
g ′ = 2g −1+m+Γ.L/2
here m is the number of points obtained by blowing down the rational
curves and
Γ.L
is the intersection number of pi′(C˜ ) with Γ (this is obtained by projec-
tion formula). So the dimension of the prym variety of the corresponding
double cover is
g −1+m+Γ.L/2 .
Hence the dimension of P(pi′C /pi′C ) is equal to g − 1+ g +n +m +
Γ.L/2= 2g +n−1+m+Γ.L/2,whereas the dimension of S ′′g+n is 2g +2n.
So the fibers of the map
S ′′g+n →P(C˜ /C )
are of dimension
2g +2n− (2g +n−1+m+Γ.L/2)= n−m+1−Γ.L/2
.
Consider n such that n − Γ.L/2 > m and by previous calculation we
know that
n−Γ.L/2> 0 .
SO the fibers of the above map are positive dimensional. Hence it con-
tains a curve Fs . Now the linear system corresponding to 5KS is very
ample[Bo](since S is minimal. Consider D = 5KS ′ − (
∑
i Ei ) = pi
∗(5KS),
and K 2
S
lies in between 1 to 2. So we have the genus of the curves D in
the linear system of 5KS ′−
∑
i Ei , a fixed number equal to
pi∗(25K 2S )+pi
∗(5KS).(pi
∗(KS)+
∑
i
Ei )= 25K
2
S +5K
2
S = 2g −2.
So
g = 15K 2S +1 ,
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which gives us that g = 31 or 16 and that is less than g +n. Consider the
divisor pi′(D) on S ′′, it is ample by the Nakai-Moisezhon criterion and by
the projection formula.
∑
i pr
−1
i
(pi′(D)) on the product S ′′g+n . This divisor
is ample so it intersects Fs, sowe get that there exist points in Fs which are
in pi′(D)×S ′′g+n−1 whereD is in the linear system of L. Then consider the
elements of S ′′g+n of the form (c, s1, · · · , sg+n−1), where c belongs topi′(D).
Then such a given (c, s1, · · · , sg+n−1) lies on a unique pi′(C ). Consider the
Zariski open subset of S ′′g+n , consisting of (c, s1, · · · , sg+n−1) where all si ’s
are distinct. Project it down to S ′′g+n−1 . Then we can consider the map
from S ′′g+n−1 to A0(S ′′) given by
(s1, · · · , sg+n−1) 7→ albC˜ (
∑
i
si −
∑
i
i (si )) ,
we see that thismap factors through the Prymfibration and themap from
S ′′g+n−1 to P(pi′(C )/pi′(C )) has positive dimensional fibers, since n is
large. So it means that, if we consider an element (s1, · · · , sg+n−1), such
that (c, s1, · · · , sg+n−1) is in Fs and a curve through it, then it intersects the
ample divisor given by
∑
i pr
−1
i
(pi′(D)), on S ′′g+n−1 . Then we have some
of si is contained in C . So iterating this process we get that, there exists
elements of Fs that are supported on pi′(Dk)k ×S ′′g+n−k , where k is some
natural number depending on n. But the genus of pi′(D) is fixed and is
less than or equal to 16 or 31. So if we choose n large enough, then k
will be large and greater than the genus of pi′(D). This means that the el-
ements of Fs are supported on pi′(D)n0 ×S ′′g+n−k , where n0 is the genus
of pi′(D). Then all we have is that elements of Fs are supported on S ′′m0 ,
wherem0 is strictly lesser than g +n.
Hence we have that the cycle on Fs is supported on S ′′m0 , where m0
is strictly less than g +n. So we have that Γ∗(S ′′m0) = Γ∗(S ′′g+n ), where
Γ=∆′′S −Graph(i ). This proves that the image of Γ∗ is finite dimensional
by the following argument.
Now we prove by induction that Γ∗(S ′′m0) = Γ∗(S ′′m) for allm ≥ g +n.
So suppose that Γ∗(S ′′k) = Γ∗(S ′′m0) for k ≥ g +n, then we have to prove
that Γ∗(S ′′k+1)= Γ∗(S ′′m0). So any element in Γ∗(S ′′k+1) can be written as
Γ∗(s1+·· ·+ sm0)+Γ∗(s). Now let k−m0 = l , thenm0+1= k− l +1. Since
k− l < k, we have k− l +1≤ k, som0+1≤ k, so we have the cycle
Γ∗(s1+·· ·+ sm0)+Γ∗(s)
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supported on S ′′k , hence on S ′′m0 . So we have that Γ∗(S ′′m0) = Γ∗(S ′′k)
for all k greater or equal than g +n. Now any element z in A0(S ′′), can
be written as a difference of two effective cycle z+,z− of the same degree.
Then we have
Γ∗(z)= Γ∗(z
+)−Γ∗(z−)
and Γ(z±) belong to Γ∗(S ′′m0). So let Γ′ be the correspondence on S ′′2m0×
S ′′ defined as ∑
l≤m0
(pri ,prS ′′)
∗
Γ−
∑
m0≤l≤2m0
(pri ,prS ′′)
∗
Γ
where pri is the i-th projection from S
′′m0 to S ′′, and prS ′′ is from S
′′i ×S ′′
to the last copy of S ′′. Then we have
im(Γ∗)= Γ
′
∗(S
′′2m0) .
Therefore the image of (∆S ′′ −Gr(iS ′′))∗ has finite dimensional image
in the sense of Roitman. Since the image of (∆S ′′ −Gr(iS ′′))∗ is mapped
surjectively onto the image of (∆S ′ −Gr(iS ′))∗, it has finite dimensional
image implying that (∆S − iS)∗ has finite dimensional image.

Since the irregularity of S is zero we have that,
Theorem 2.4. The involution i∗ acts as identity on the group A0(S).
3. THE INVOLUTION ACTS AS -1 ON A0(S)
Since the quotient S/i of the given surface is birational to an Enriques
surface or a rational surface, we have that the i∗-invariant part in A0(S)
is trivial. Hence i∗ acts as −id on A0(S). We prove somethingmore in this
section. Namely we are going to prove that if S such that its quotient by
the involution is birational to an Elliptic surface, then the involution acts
as -1 on A0(S). For this we follow the Bloch-Kas-Lieberman technique as
in [BKL].
Theorem 3.1. Let S be a surface of general type with pg = q = 0. Let i be
an involution on S, such that S/i is birational to an elliptic surface. Then
i∗ acts as −id on A0(S).
First consider the pencil of elliptic curves on the surface Σ, that is a
regularmorphism from Σ→D, whereD is a smooth projective curve. Let
f denote the morphism from S ′ to Σ. Then consider the general fiber of
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the elliptic fibration Σ→ D and further pull it back to S ′ via f . Let us
denote f −1(E ) by C for a general elliptic curve E of the fibration Σ→ D.
Consider the Jacobian fibration J →D corresponding to Σ→D. Now fix
amultisection Y of Σ and let pi be themorphism from J→D. Let us have
Y ∩pi−1(t )=
n∑
i=1
pi (t )
for t inD. We map Σ to J→D by
q 7→ (q, · · · ,q) 7→n f (q)−
n∑
i=1
pi (pi(q))
so we have a dominant morphism g from S ′ to J .
Lemma 3.2. Let T (J ) denote the albanese kernel for J . If T (J )= 0, then the
involution i acts as −1 on the albanese kernel T (S) for S.
Proof. Now want to understand the quasi-inverse of of g . Let α belong to
J that lies over t ∈ D. So there is a unique point in qi (t ) on E such that
qi (t )−pi (t ) is rationally equivalent to α. Now g−1(qi (t )) = {q ′i (t ),q
′′
i
(t )}.
So we can define λ to be
α 7→
∑
i
(q ′i (t )+q
′′
i (t )).
Now we check that
g∗λ(α)= g∗(
∑
i
q ′i (t )+q
′′
i (t ))
which is
=
∑
i
g∗(q
′
i (t ))+ g∗(q
′′
i (t ))
=
∑
i
2n(qi (t )−pi (t ))= 2n
2α .
Let q be a point supported on Ct = f −1pi−1(t ) where pi : J → D. Then
we prove that 2n(q+ iq) is rationally equivalent to zero on S ′. For that let
us compute λg∗(q+ iq). So we have by definition of
g∗(q+ iq)= n f∗(q+ iq)−2
n∑
i=1
(pi (t )) ,
let ft (q)= q ′. Then
λg∗(q + iq)=λ(2nq
′)−λ(2
n∑
i=1
(pi (t )))
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which can be re-written as
2
n∑
i=1
λ(q ′− (pi (t ))) .
Now λ(q ′− (pi (t )))= (q+ iq) so putting that in the above we get that
2n(q+ iq)=λg∗(q+ iq) .
Therefore for any zero cycle z of degree zero on S, we have
2n(z+ i z)−λg∗(z+ i z)= 0 .
Suppose z vanishes on Alb(S ′), hence i z vanishes on Alb(S ′), then we
have g∗(z+ i z) vanishing on Alb(J ). If T (J ) is zero then we can conclude
that g∗(z+i z) is rationally equivalent to 0 on J . Composingwith λwe get
that 2n(z+ i z)= 0. By Roitman’s theorem [R2][theorem 3.1] it will follow
that z+ i z = 0, so we have i z =−z. 
Now we repeat the proof that T (J ) = 0 by showing that J is rational
following [BKL].
Lemma 3.3.
T (J )= 0
Proof. We have p : J→D and a section σ :D→ J by the very definition of
a Jacobian fibration. First we observe that D = P1 as q(J ) = 0 and Alb(J )
maps onto Alb(D). Then by [Sha][VII, section 3] we have
K J =pi
∗(K J .σ(D))
also by the adjunction formula we have
K J .σ(D)=KD −N
where N is the normal bundle toD in J . Thus we have
h0(J ,rK J )= h
0(J ,pi∗(r (KD −N )))= h
0(D,r (KD −N ))
since pg = 0 we have that
h0(D,KD −N )= 0 .
Since D is P1, the degree of KD −N is negative. Therefore by Riemann-
Roch we have h0(D,r (KD −N )) = 0 for r > 0. Therefore Pr (J ) = 0 for all
r ≥ 1, in particular P2 = 0, so J is rational. Therefore T (J )= 0. 
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The case when Σ is rational is similar. First suppose that the rational
surface contains a pencil of elliptic curves on it. Let Eη be the generic
fiber of this pencil and pull it back to S ′, call it Cη. Then spreading out
the curve Cη,Eη, over a smooth projective curve D ′, we get that S ′ ad-
mits a map to an elliptic surface. Then consider a multisection of this
elliptic surface, and a dominantmap from S ′ to it, which ensures that the
geometric genus and irregularity is zero for the elliptic surface. Then we
proceed as in the proof of 3.2.
4. APPLICATION OF THE ABOVE RESULTS
Consider a surface of general type of Numerical Godeaux type with
pg = q = 0 having an involution i on it. Suppose that the quotient by
the involution is birational to aP2 and the fixed locus consists of a unique
irreducible component of genus two. Then we have that i∗ acts as id and
−id. So we have that 2id = 0 on A0(S). This says that by the Roitman’s
torsion theorem that id = 0 on A0(S). So we get the following theorem.
Theorem 4.1. Let S be a numerical Godeaux surface over the field of com-
plex numbers with an involution i on it such that the quotient of S by the
involution is a rational surface with a unique irreducible component of
genus 2 of the branch locus. Then the Bloch’s conjecture holds for this sur-
face S.
Consider a numerical Campedelli surface with an involution. They
are classified in the following way by [CCP]. If the bi-canonical map is
composed by the involution, meaning that the bicanonical map factors
through the quotient then the quotient is either birational to an Enriques
surface or a rational surface. The rational case the surfaces are with ef-
fective anticanonical divisors. Some of them has all the components of
the branch locus being rational. In this cases the Bloch’s conjecture fol-
low from our method. In the other case when the bicanonical map is not
composed by an involution then the quotient is either birational to an
Enriques surface or a rational surface and it is not of general type, or it is a
numercial Godeaux surface or an elliptic surface not of general type. For
the case when the quotient is a rational surface or it is an elliptic surface
(all not of general type), we have the Bloch’s conjecture for the surface.
Here we use the fact that the fixed locus consists of −4 rational curves.
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The case of the proper elliptic surfaces requires that the elliptic fibration
has a section. So we have the following theorems.
Theorem 4.2. Let S be a numerical Campedelli surfacewith an involution
i . Suppose that the bi-canonical map is composedwith the involution and
the quotient is rational. Also suppose that the fixed locus of the involution
consists only −2 rational curves. Then the Bloch’s conjecture holds for the
surface.
Proof. The proof follows arguing as in 2.3. We have to blow down the −2
curves to have the ramification locus disjoint from an ample curve on the
relevant surface. Since the ramification locus on the original surface are
only−2 curves, the ramification locus on the blow-down consists of only
points. 
Theorem 4.3. Let S be a numerical Campedelli surfacewith an involution
i . Suppose that the bi-canonical map is not composed with the involution
and the quotient is rational or elliptic with a section. Then the Bloch’s con-
jecture holds for S.
Proof. Proof is similar as in 2.3. We blow down the fixed locus of the in-
volution which consists of only−4 rational curves. 
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